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Abstract. In this paper, the class of all linearly ordered topo- 
logical spaces (LOTS) quasi-ordered by the embeddability relation 
is investigated. In ZFC it is proved that for countable LOTS this 
quasi-order has both a maximal (universal) element and a finite ba- 
sis. For the class of uncountable LOTS of cardinality k it is proved 
that this quasi-order has no maximal element for k at least the size 
of the continuum and that in fact the dominating number for such 
quasi-orders is maximal, i.e. 2'^. Certain subclasses of LOTS, such 
as the separable LOTS, are studied with respect to the top and 
internal structure of their respective embedding quasi-order. The 
basis problem for uncountable LOTS is also considered; assuming 
the Proper Forcing Axiom there is an eleven element basis for the 
class of uncountable LOTS and a six element basis for the class 
of dense uncountable LOTS in which all points have countable 
cofinality and coinitiality. 



1. Introduction 

The embedding structure for linear orders is dependent on the ax- 
iomatisation of set theory that we choose to adopt; this is a widely 
known example of set-theoretic independence phenomena occurring at 
the heart of classical mathematics. For example, there can consistently 
be a universal linear order (one that embeds every other linear order of 
the same cardinality) for every infinite cardinal k. This statement can 
also consistently fail to hold. More recently, it has been shown that in 
certain models of set theory there is a five element basis for the un- 
countable linear orders, resolving a long-standing open question; other 
models of set theory do not admit a finite basis for the uncountable 
linear orders. 

A linearly ordered topological space (or LOTS) is a linear order endowed 
with the open interval topology, call it r. An embedding is an injective 
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function that preserves structure. Specifically, for the structures in this 
paper: 

• A linear order embedding is an injective order-preserving map. 

• A LOTS embedding is an injective order-preserving map that is 
continuous. 



The existence of a LOTS embedding, f : A ^ B, where A and B are 
two arbitrary linear orders, ensures that not only is there a suborder of 
B, call it B', that is order-isomorphic to A, but also that the open sets 
in Tb' are exactly those sets of the form B' Cl u for some u E Tb- The 
existence of a LOTS embedding is a non-trivial, natural strengthening 
of the existence of a linear order embedding. 

The relation on the class of all LOTS defined by setting A ^ B if and 
only if A LOTS-embeds into B is a quasi-order. We note that it is not a 
partial order because bi-embeddabihty (where A^ B and B ^ A both 
hold) docs not imply isomorphism. Henceforth, when we talk about 
the 'embeddability order' we will generally be referring to the quasi- 
order :<. However, when we discuss e.g. chains in this order, we will 
be referring to the strict ordering -<. As we will see, the quasi-order 
of LOTS embeddability in general looks very different from that of 
linear order embeddability, but by restricting our attention to certain 
subclasses of LOTS we can obtain similarities. 

In this paper we investigate the properties of the embedding struc- 
ture for LOTS and compare them to the properties of the embedding 
structure for linear orders. 

There are several aspects of the LOTS embeddability order that we 
study: here we split them into three groups. (1) The top (the question 
of universality); can we find a non-trivial set of linear orders such that 
every linear order in a given class must be LOTS-embeddable into one 
of them? (2) The bottom (the basis question); can we find a non- 
trivial set of linear orders such that every linear order in a given class 
must LOTS-embed one of them? (3) The internal structure of the 
embeddability order; what are the possible cardinalities of chains and 
antichains in the LOTS embeddability order for a given class of LOTS? 

We include results pertaining to all three questions. The structure of 
this paper is as follows: 
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In Section [2] we review some basic notation and explain the various 
models of set theory in which we will be proving our results. 

In Section [3] we study the internal structure of the LOTS embedding 
order, proving that it has large chains and antichains when the LOTS 
have cardinality at least the continuum. In Section H] we investigate the 
top of the embeddability quasi-order. We show that the rationals form a 
universal for countable LOTS, but that there can be no universal LOTS 
for any cardinal k, greater than or equal to the size of the continuum; in 
fact, we prove that the dominating number for the LOTS embeddability 
order is maximal, i.e. 2**. We can however define a class of linear orders 
of size K for which a universal LOTS exists, called the K-entwined 
LOTS. 

By restricting to certain subclasses of LOTS we can find similarities 
between the LOTS embeddability order and that of the linear orders. 
In Section |5] we prove that universal LOTS for the class of separable 
partial orders can exist at various cardinals, by way of some general 
results on dense subsets and continuity. These results generalise to 
other cardinals, with an appropriate generalisation of the notion of 
separability. An analogue of a theorem of Sierpinski shows that there 
is a sequence of length continuum of separable LOTS that are strictly 
decreasing in the LOTS embeddability order. 

In Section E] we investigate the bottom of the embeddability order. Our 
results in this section are obtained under the assumption of PFA, the 
Proper Forcing Axiom. It has recently been proved by J. Moore [10] 
that in models of set theory where the PFA holds, there is a five- 
element basis for the uncountable linear orders. We prove that under 
PFA there is an 11 element basis for uncountable LOTS, and show that 
this is the smallest possible. We also prove that there is a six element 
LOTS basis for linear orders that are dense and have only points of 
countable cofinality/ coinitiality. 

We conclude in Section [7] with some open questions. 

2. Notation and preliminaries 

In this paper we work under the standard axiomatic assumptions of 
ZFC (see e.g. [7] for details) and certain additional axioms. That is, 
we assume the consistency of ZFC and work within a model of set 
theory in which the sets obey these axioms. When the axioms that are 
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being assumed for a given proof are not explicitly stated, it is to be 
understood that the proof requires only the axioms of ZFC However as 
the additional axioms that we use are together inconsistent (but both 
consistent with ZFC), our results show that ZFC is often not enough. 

The first additional axiom that we use is the Continuum Hypothesis 
(CH) and its generalisation GCH, which states that for any infinite 
cardinal = . That is, the powerset of k has the smallest 

possible cardinality. In this notation CH is written as 2^° = Ki. 

The second is the Proper Forcing Axiom (PFA). This is a strong Baire 
category assumption that can be proved consistent via forcing, assum- 
ing the consistency of ZFC and certain large cardinal axioms. PFA 
is extremely useful for proving independence results concerning linear 
order embeddings, as we will see in this paper. In models where PFA 
holds it is provable that 2^° = K2, so in particular CH fails. For more 
on this see [T2] . 

We also use methods from standard topology, especially the topology 
of the reals. For general topological definitions see e.g. [13]. We will 
now introduce some of the notation used throughout the paper: 

If a is an element and A C L a subset of a linear order, then we write 
a < A when a < 6 for all h e A. For A, B C L, {A, B) denotes the 
convex set {x G L : Vy G Aiy <l x) and Vy G B{x <l y)}. If / 
is a function with domain X and a; C X then we denote by f[x] the 
pointwise image of / under x. 

For X E L, let l{x) = {y E L : y < x} and r(x) = {y E L : x < y}. 
The cofinality of x is the cardinality of the smallest increasing sequence 
for which x forms a supremum, and the coinitiality is the cardinality 
of the smallest decreasing sequence for which x forms an infimum; of 
course, the cofinality/coinitiality function is not necessarily defined for 
all X E L. For two linear orders A and B, A x B will always denote 
the lexicographical product of A with B, and A* denotes the reverse 
ordering of A, {A, >a)- 

Formally, a LOTS is denoted by {L,<l,tl) where L is a set with a 
linear ordering <l and is the open interval topology on the linear 
order (L, <l). However, we usually drop the subscript from the linear 
ordering when it is clear from context and we use tl implicitly. In fact, 
we will usually denote such LOTS simply by L. 
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Strictly speaking 'LOTS' is a singular term; following standard usage 
we will use it for the plural as well. 



3. The internal structure of the LOTS embeddability 

ORDER 

The internal structure of the LOTS embeddability order was consid- 
ered by Beckmann, Goldstern and Preining in [2] where they show 
that countable closed sets of reals are well-quasi-ordered by LOTS em- 
beddability. That is, they show that the embedding quasi-order for 
this class of LOTS has no infinite decreasing sequence and no infinite 
antichain. 

In this section we show that uncountable LOTS are not well-behaved 
with respect to their embedding structures. In particular, there are 
large antichains and chains. We adapt methods from standard topology 
of the reals, namely linear continua and the intermediate value theorem. 

The intermediate value theorem (I.V.T.) tells us that a continuous 
embedding from a linear continuum. A, into a linear order B must 
be surjective onto a convex subset of B, and therefore that there is 
a convex subset of B isomorphic to A. In Section H] we will make 
use of this fact to prove that the top of the embedding quasi-order 
is maximally complex for LOTS of size k, where k > 2'^ (because no 
linear continuum can exist with cardinality less than 2'^). 

It is easy to define several linear continua of size equal to the continuum. 
We use them to 'code' subsets of follows: 

Lemma 3.1. Let [0, 1] C M denote the closed unit interval - that is, a 
copy of M with endpoints - and [0, 1) an isomorphic copy of R with a 
least point but no greatest point. Then each of the following is a linear 
continuum: 

• [0,1]. 

• [0,1). 

• R' = [0,1) X [0,1]. 

• R" = [0,1) X [0,1] X [0,1]. 

• Ro = R' + [0,1). 

• Ri = R" + [0,1). 
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Proof The first two are trivial. For tlie rest, recall that when dealing 
with linear orders of the form I x J, ordered lexicographically, any 
infinite increasing (or decreasing) sequence in this ordering will have 
an infinite subsequence either entirely contained within {i} x J, for 
some ^ e /, or with the property that for any i E I there is at most one 
j & J with (i, j) appearing in this subsequence. In the former case, the 
existence of a supremum (or infimum) to this subsequence then follows 
if J is a linear continuum, and J has endpoints. In the latter case it 
follows from the existence of a supremum (or infimum) in / to the set 
of i e / such that is in this subsequence for some j e J, and 

the fact that J has a greatest and least point. A modification of this 
argument gives us the required proof in each case. □ 

We will use an infinite sum of copies of Rq and Ri to code subsets of 
K. The following is apparent: 

Lemma 3.2. Rq cannot be continuously embedded into Ri. Likewise, 
i?i cannot be continuously embedded into Rq. 

Proof By the I.V.T., if there was such an embedding then Ri would 
contain an interval isomorphic to i?o, or vice versa. This is clearly not 
the case. □ 

Wc also remark that because Rq and Ri both have a least point, any 
direct sum of the form Yla<( ^ia^ where ia G {0, 1} and C is an ordinal, 
is also a linear continuum. We are now ready to prove the following: 

Theorem 3.3. Let k>2^°. Then there exists: 

(1) A set A of LOTS of size k, with |^| = 2"", such that there is no 
LOTS embedding from A into B for any two distinct A, B e A. 

(2) A sequence / = (/^ : ^ < /c+) of LOTS of size k, strictly in- 
creasing in the LOTS embeddability order. 

(3) For each rj < k'^, a, sequence — {Di^ : ( < r]) oi LOTS of size 

strictly decreasing in the LOTS embeddability order. 

Proof Let X and Y be subsets of k+ of size k. Define ax to be 
sup{/3 + 1 : /? e X} and similarly define ay- Let gx '■ oix ^ 2 be the 
characteristic function of X, and gy be the same for Y . As X and Y are 
bounded in we must have ax-, OLy < . Let Rx — Tlia<ax ^oxia) 
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and Ry = Sa<ay Rgvia)- Both Rx and Ry are linear continua for any 
such X and Y. And because k>2'^, both are of size k. 

By the I.V.T. if there were a LOTS embedding from Rx to Ry then 
there would have to be a convex subset of Ry order isomorphic to 
Rx- Whenever X and ax — uy = this will only happen if the 
values of the characteristic function of X (considered as an uncountable 
string of O's and I's) are equal to a final section of the values of the 
characteristic function of Y. But if X and Y are such that this is 
not the case, then the I.V.T. tells us that Rx and Ry are pairwise 
non-embeddable as LOTS. 

(1) We can find a family of 2'^ many subsets of k, {X^ : ( < 2*^}, such 
that each is unbounded in k and for any two, X^, X^, the character- 
istic function of (as above) is not equal to a final section of the 
characteristic function of X^; we can always find such a family by di- 
agonahsation. Thus A = {Rx^ '■ C < 2'*} is an antichain in the LOTS 
embedding order. 

(2) Let {Y^ : ( < k^) be a sequence of bounded subsets of such 
that for each < C < k+ we have Y(^ is a proper initial segment of 1^/. 
Then let = Ry^ for C < 

(3) Let r] < and Y be an unbounded subset of rj such that there 
is a set Y' <Z -q with any two distinct q;,/5 G Y' being such that 
{gY^i) : a < i < rj) (fi'y(^) '■ 13 < i < rf) and otp(y) = rj. Then let 

= Ec<a<, RsYia). for each C G Y' . Then ^ {D^ ^ R^- C ^ Y'} 
is as required. □ 



4. Universality for general LOTS 

For a given class of structures a universal at cardinality k is a mem- 
ber of the class, of size k, that embeds all the other structures in this 
class having size k. Universals were first studied in topology, where 
the investigation of these quintessential objects was used to determine 
properties of the class of structures as a whole. The study was broad- 
ened using model theory, which tells us that under GCH every first 
order theory in a countable language has a universal in all uncountable 
cardinals. The class of linear orders has this property. However, the 
model theoretic technique that determines this cannot say anything 
regarding LOTS, as the theory of these structures is not definable in 
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first-order logic. In this case we must use set-theoretic techniques to 
determine questions of universality. 

For regular cardinals, the universal linear orders that exist under GCH 
are natural and can be easily constructed. At cardinality Kq, Q is the 
universal linear order. For an uncountable regular cardinal, k, there is 
a universal linear order Q(k) that has a generalisation of the density 
property of the rationals, called ^-saturation: 

V^,T G [Q(/€)]<'' [S <T ^ {3x)S <x <T]. 

As with the rationals, Q(k) is the unique (up to isomorphism) k- 
saturated linear order of size k without endpoints. It exists whenever 
K = k'^'^, so in particular under GCH. It was known to exist by Haus- 
dorff in 1908 ([6J) and was constructed explicitly by Sierpinski using 
lexicographically ordered sequences of O's and I's of length k which 
have a final 1 (see |T3] for details). If is a singular cardinal and 
K = ft;<^^('') then there is also a universal linear order which is not satu- 
rated but is still special (it is the direct limit of saturated linear orders 
of smaller (regular) cardinality, see e.g. [3] for details). 

We note that K-saturation for regular uncountable k tells us that no 
infinite increasing sequence of cofinality less than k can have a supre- 
mum in Q(k), so it cannot possibly be a universal for LOTS of size n. 
Specifically, any ordinal of the form a + 1 for a a limit ordinal less than 
K cannot continuously embed into it (and clearly we can find a LOTS of 
size K with an interval isomorphic to a + 1). Taking the completion of 
Q(k) under sequences of length less than k will negate such counterex- 
amples and thus gives a universal for a broad class of LOTS called the 
K- entwined LOTS (see definition below), but it is still not a universal 
for general LOTS because in this case a + 1 + a* cannot continuously 
embed into it, where a is as above. Similar counterexamples show that 
the full Dedekind completion of Q(At) is not a universal for LOTS of 
size 2'^ and likewise for the special linear orders that exist under GCH 
(particularly at singular k). 

Definition 4.1. A LOTS, L, of size k is n-entwined if for all x E L, 

sup(/(a;)) = inf(r(x)) = x implies that both the cofinality and coini- 
tiality of x are equal to k. 

Theorem 4.2. (GCH) Let Q(av) be the completion of Q(k) under 
sequences of length < k. Then Q(k) has size k and is universal for 
K-entwined LOTS. 
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Proof Using the linear order universality of Q{k.), we construct the 
relevant embeddings by taking linear order embeddings and altering 
them so as to be continuous. Let L be a ft;-entwined linear order of size 
K and let / : L Q(k) be an injective order-preserving map. 

Call a point x & L a. K-point if it is the infimum or supremum of a 
decreasing/increasing sequence of length k. in L. 

We say that the function / is discontinuous at a point x & L if and 
only a X = sup(/(x)) but f{x) ^ sup(/[/(x)]) or x = inf(r(x)) but 
f{x) ^ inf(/[r(a;)]). Wc start by "fixing" the discontinuity of / for 
those points in L that are «;-points. 

So, for every K-point x at which / is discontinuous (denote the set of 
such points by D), wc remove all the members of Q{k) contained in the 
convex set between f{x) and f[l{x)], and between /(x) and f[r{x)]. 

We will call the thinned order Q'{k). Let 

Q'(«) = Q(«) \[j{ye Q(k) : y e (/[/(x)], /(x)) U (f(x), f[r(x)]). 
xeD 

We shall show that this is isomorphic to Q{k) and thus the composition 
of this isomorphism (which is trivially continuous) with / will not be 
discontinuous at any /^-point in L. 

Firstly, observe that only convex sets between points in the range of 
/ were removed from Q{k), so Q'{k) has no endpoints. It is also clear 
that Q'(fi:) has size k, as it contains an isomorphic copy of L. 

We will show that Q'(/t) is /t-saturatcd. Let A, B C Q'(/€) be such 
that both are sets of size less than k and A < B and assume towards 
a contradiction that {A, = 0. In this case, we must have that 

ran(/) fl {A, -B)q(«;) = because Q'(k) contains the entire range of /. 

The convex set {A, B) C Q{k) must be of the form (f[l{x)],f{x)) or 
{f{x),f[r{x)]) for some x E D,hy the construction of Q'{k). But in 
either case one of A or B must have cofinality or coinitiality k because 
X is a K-point, contradicting our assumption that both A and B have 
size less than k. 

So L is embedded into Q'(k) by a map, /, that is continuous at k- 
points; Q'{k.) is a ^-saturated linear order of size k without endpoints, 
and hence is isomorphic to Q{k). This establishes the existence of a 
map f : L ^ Q{i^) that is continuous at K-points. We define a function 
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g : L ^ Q{k) that is continuous everywhere. Let /' be discontinuous 
at a point z G L, then x = sup(/(x)) or x = inf(r(x)), but not both 
because L is /t-entwined. Q(k) is complete for sequences of length 
< K, so in the case that x = sup(/(x)) we set g{x) = sup(/'[/(x)]) 
and if X = inf(r(x)) we set g{x) = inf(/'[r(x)]), which is possible in 
both cases because x is not a /t-point. At all other points x we let 

g{x) = f'{x). 

Our construction of g ensures that it is both order-preserving and con- 
tinuous. Hence Q(fi;) is a universal for /t-entwined LOTS. 

□ 

Corollary 4.3. Every countable LOTS is w-entwined, so the rationals 
Q is a universal for countable LOTS. 

Corollary 14.31 is true in ZFC, but Theorem 14.21 only applies in general 
when we assume GCH. Without GCH, the situation is more compli- 
cated. The definition of a LOTS embedding tells us that if there is no 
universal linear order at a particular cardinal, then there cannot be a 
universal LOTS at that cardinal. So we will only search for universal 
LOTS in those cardinahties, models of set theory and subclasses where 
universal linear orders are known to exist. In the absence of GCH we 
are constrained by the following Theorem: 

Theorem 4.4 (Kojman-Shelah [8j). For any regular k G 2^") there 
is no universal linear order of size k. 

Kojman and Shelah's proof extends to show that club guessing at 
(which is a weak combinatorial principle consistent with ZFC, see e.g. 
[5]) and a failure of CH imply that there is no universal linear order at 
Ki. This fact, together with Theorem 14.51 below establishes the non- 
existence of universal LOTS at almost all cardinalities; the countable 
case is a rare exception. 

Theorem 4.5. There cannot be a universal LOTS at any cardinality 

K > 2^0. 

In fact, we will prove something stronger, which intuitively says that 
the top of the LOTS embedding order is maximally complex: 

Definition 4.6. The dominating number for a quasi-order P is the 
least possible cardinality of a subset Q ^ P such that for any p G P 
there is a g G Q with p < q. 
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If a universal linear order or LOTS exists then the appropriate embed- 
dability order has a dominating number of 1. We will show that the 
dominating number for the embeddability order for LOTS of size k is 
the maximum possible, namely 2'^, whenever k >2'^. 

Theorem 4.7. Let k > 2^. Then the dominating number for the 
embeddability order for LOTS of size k must be 2**. Consequently, 
there can be no universal LOTS of size k. 

Proof We prove the first statement; the second is an immediate con- 
sequence of it. Assume towards a contradiction that W is a family of 
size X < 2'^ and witnesses the fact that the dominating number for the 
LOTS embeddability order is A. Let A be the antichain asserted to 
exist in Theorem 13.31 (1). A has cardinality 2'^, hence we can find a 
U & U such that 2'^ many elements of A continuously embed into U. 
By the construction of A, every member of it is a linear continuum so 
all those members of A that LOTS embed into U must be isomorphic 
to a convex subset of U. But A is an antichain under LOTS embed- 
dability, so any two such convex subsets must be disjoint. Hence U 
contains 2'^ many non-empty disjoint convex subsets, contradicting its 
size being k. □ 

In light of Theorems 14.41 and 14. 7[ we now have the following: 

Corollary 4.8. If k, is an uncountable cardinal and a universal LOTS 
of size K exists, then k <2^ and k = or is singular. 

Shelah, in [16], has proved it consistent that there is a universal linear 
order at Ki for the case where < 2^°. However, this linear order is 
not a universal LOTS. We do not know if there can consistently exist 
a universal LOTS at any uncountable cardinal. In general, models 
of a failure of CH do not have universal linear orders of size Ki. In 
particular, Shelah notes (see P]) that adding K2-niany Cohen reals 
over a model of CH produces a model in which there does not exist a 
universal linear order of size Ki. 

The proof of Theorem 14.71 makes essential use of the fact that a linear 
continuum is topologically connected. It therefore establishes that there 
can be no universal of cardinality k > 2^ for the subclass of connected 
LOTS. A natural question then is: can we get the same result for 
the class of disconnected LOTS? We can easily construct disconnected 
spaces to play the role of the linear continua in the previous proof, by 
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adding a pair of isolated points to each LOTS constructed in Theorem 
13.3( 1). so instead we ask a stronger question: 

Definition 4.9. A hnear order L is densely disconnected if for any 
distinct a,b & L there is a partition of L into two disjoint open sets, 
both of which have non empty intersection with [a, b] . 

The definition of a densely disconnected linear order is related to the 
usual topological notion of a totally disconnected space. 

Theorem 4.10. Let k be a regular infinite cardinal. Then there is 
no universal for the subclass of densely disconnected LOTS of size 2"", 
assuming that k^'^ = k. 

Proof Let /i = 2^^. For a contradiction, assume that L = (/i, <l,'^l) 
is a universal for the densely disconnected LOTS of size We will 
construct A, a densely disconnected LOTS with underlying set by 
induction, such that A does not continuously embed into L. 

Let A\ K = Q{k) X 2. 

At stage a < /i in the induction, assume that we have constructed 
<A\ca for some ordinal Cq, G [k, /x) but that <A\ca+i is undefined. 

Each stage of this inductive construction will take care of an embedding 
from A \ K into L, so that all such possible embeddings cannot be 
extended to one that is both order-preserving and continuous from A 
into L. 

To this end, let /„ : ^4 f k — )• L be an injective order-preserving function 
which has not yet been considered. (We may assume a canonical order- 
ing of these functions so that we are assured to hit all of them in an in- 
duction of order type /i.) Choose 1^ = {i"" : oi < k) , = {d" : a < k) 
to be bounded sequences oi A \ k such that 

(1) for all /? < K we have <a i^j^i and d'p >a rf^+i 

(2) 4 <A 

(3) there does not exist an x G Cq, such that Jq <A\ca ^ <a\cc Da- 

Q{k) is K-saturated so we can always choose such sequences because 
otherwise our order A \ Ca would have to be complete and thus would 
already have size /u, but Cq, < so this is not possible. 
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We will extend the ordering on A as follows: If there is an x G L such 
that sup(/a[/a]) = X = inf(/c, then let 4 <a Ca <a Ca+i <a 
and take the transitive closure. If there is no such x, then wc extend 
the ordering so that <a <a and again take the transitive 
closure. 

If A \ Cfj is defined for all /3 < a limit, then let <A\ca— U/3<a ^Mcp 

let <A= U^<^ <A\cp- 

Now let / : A — >■ L be a LOTS embedding, which exists because A 
has size and we are assuming that L is universal at ^. Then the 
initial segment / \ k was considered in the inductive construction as 
fs for some 5 < ji. At this stage of the induction, we chose sequences 
Isi Dg. If sup(/5[/5]) = X —mi{fg[Ds\) for some x in L, then we set two 
distinct points in between Is and Ds which clearly contradicts either 
the continuity or order- preservation properties of /. 

The remaining cases to consider are that when sup{fs[Is]) 7^ ^^iifslDs]) 
both exist in L and those where either sup(/5[/5]) or mf{fs[Ds]) does 
not exist in L. In this case we added a unique point x to A such that 
sup(/5) = X — mi(Ds). Again, this clearly contradicts the possibility 
that / could be both order-preserving and continuous. Sequences Zy 
and at later stages of the induction were chosen so that we would not 
add any further points between Is and Ds, by item (3) in the definition 
of I^, Dy. This shows that A cannot be continuously embedded into L 
and therefore contradicts the universahty of L, so long as A is densely 
disconnected. 

To see that this is indeed the case, let a,b E A he distinct and as- 
sume that [a, b] cannot be split into two disjoint open intervals. Then 

A \ K, D [a,b] must be empty, but this is clearly not possible as only 
single points or pairs of points were added between elements of A \ k; 
in the latter case [a, b] can be split into two disjoint open intervals and 
the former case contradicts our assumptions on a, b. 

□ 



5. Dense embeddings and separable LOTS 

In this section we note that a special kind of linear order embedding 
implies continuity and use this to show similarities between the em- 
bedding structures for certain subclasses of linear orders and LOTS. In 
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particular, embeddings between separable linear orders, when they ex- 
ist, have this property. Thus, we show that the embedding structure of 
separable LOTS, unlike in the general case, bears a close resemblance 
to the linear order embedding structure. 

Definition 5.1. Let A and B be linear orders and f : A ^ B a. linear 
order embedding. Then we call / a dense embedding if there is a convex 
subset COB such that f[A] is a dense subset of C. 

If there exists a universal LOTS, U, for a subclass of linear orders, then 
taking the Dedekind completion of U will give a universal LOTS for 
those linear orders which densely embed U. Of course, the completion 
will not in general be of the same cardinality as U. The following 
simple lemma shows that with dense order-preserving embeddings we 
get continuity for free: 

Lemma 5.2. Let A, B be linear orders and suppose / : A — )■ S is a 
dense embedding. Then / is continuous. 

This follows easily from the fact that the existence of any point of 
discontinuity x implies there are elements of C (as in Definition 15.11) 
between the image of a sequence and its limit f{x), and density implies 
that some of these are in f[A] contradicting the order preservation of 

/. 

Theorem 5.3. Let ^ be a class of linear orders each of size k and 
suppose that A has a universal LOTS. Then there is a universal LOTS 
for A', the class of all linear orders L' such that there is an L G ^ 
which densely embeds into L'. 

Proof Let U be universal for A and take the completion of U under 
sequences of length < k, call this U. Note that U is dense in U. 

For any linear ordering L' e A' there is an L G ^ that is dense in L'. 
One may then find an order-preserving continuous f : L ^ U and a 
dense embedding f : U ^ U. The composition of these two functions 
gives a continuous map from L into U. Since L is a dense subset of L' 
this induces a continuous map from L' into U by the definition of U. 

□ 

Corollary 5.4. There is a universal for all separable LOTS, namely 
the reals. Moreover, if k = k^'^ then there is a universal LOTS for 
linear orders of size 2'^ which densely embed orders of size k that are 
K-entwined. 
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The existence of dense embeddings for separable linear orders produces 
very similar embeddability results for LOTS as for linear order embed- 
dings, as in the case of universality. We contrast what happens at the 
cardinality of the continuum with the situation for separable LOTS of 
cardinality Ki under PFA, where in particular Ki < 2*^". 

The next results follow from a theorem of Sierpinski, see [TH Theorem 
9.10]: 

Theorem 5.5. 

• There is a sequence {X^ : a < 2^") of separable linear orders 
each of size 2^" which is strictly decreasing in the LOTS em- 
bedding quasi-order. That is, for every {3 < a < 2^°, Xa LOTS 
embeds into X^ but does not LOTS embed into X^. 

• There is a set {Y^ : a < 2^ ° } of separable linear orders each of 
size 2^" which are pairwise incomparable in the embeddability 
order for linear orders and therefore also for LOTS. 

The decreasing sequence and antichain that Sierpinski constructed con- 
sist of dense sets of reals. The embedding from X^ into Xp for /3 < a 
is always the identity so is trivially continuous. The fact that there is 
no linear order embedding between any y^,!^ for a ^ j3 implies that 
there is also no LOTS embedding. 

A result of Baumgartner in [I] shows that in models of PFA all Ki-dense 
sets of reals are isomorphic. This set of reals has size Ki, no endpoints 
and has the property that any interval has size Ki. Every separable 
LOTS of size Ki is isomorphic to a set of reals (by the universality of 
the rationals) and can be extended to an Ki-dense set of reals. This 
gives us the following: 

Theorem 5.6. Under PFA, there is a universal separable LOTS of size 
Ki. This is also a basis for such LOTS. 

Proof There is a continuous embedding from the countable dense sub- 
set of a given separable LOTS to the rationals, and this induces a 
continuous map from the LOTS itself to a canonically chosen Ki-dense 
set of reals, by Baumgartner's result. 

Every separable linear order of size Ki has an Ki-dense suborder. Thus 
the unique Ki dense set of reals (up to isomorphism) embeds densely 
into this convex set. So there is a LOTS embedding from the Ki dense 
set of reals into any separable linear order of size Ki. 
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□ 

Under PFA, the Ki-dense set of reals forms a single element basis for 
the uncountable separable linear orders and also a universal for those 
of size Ki. This makes the embedding quasi-order for separable linear 
orders of size Ki completely flat since they are all bi-embeddable. By 
Theorem 15.61 the same is true for LOTS. 

In summary, the separable linear orders and LOTS of size have a 
universal assuming CH but have a rather chaotic internal embedding 
structure involving long -<-chains and antichains with as many orders as 
there are isomorphism classes. However, in certain situations without 
CH (namely when PFA holds), the embedding structure consists of a 
single embeddability class. 



6. The basis question for LOTS 

The countably infinite linear orders have a two element basis, consisting 
of u and u* . This is trivially also a basis for the countable LOTS. 

Under CH there can be no finite (or even countable) basis for the 
uncountable linear orders, by a result of Dushnik and Miller ([1], see 
also fT^]); hence there cannot be a small basis for the uncountable 
LOTS in models of CH. However, Moore has shown [10] that assuming 
PFA there is a five-element basis for the uncountable linear orders: 
every uncountable linear order will embed one of these five elements. 

Any linear order that embeds into an ordinal must itself be an ordinal, 
so by a simple argument uji and ul will always be minimal order types 
and so must be included in the basis. Similarly, anything that embeds 
into a separable linear order must itself be separable (and therefore 
isomorphic to a set of reals), hence such a linear order must also be 
in the basis. As we have seen in Section El Baumgartner proved that 
under PFA there is a unique (up to isomorphism) Ki-dense set of reals, 
which forms a one-element basis for the uncountable separable linear 
orders. 

Moore developed the theory of those linear orders of size Ki that do not 
embed ui or ujI and have no uncountable separable suborders. These 
are called Aronszajn lines; they can be constructed as linearisations of 
Aronszajn trees (uncountable trees with no uncountable branches or 
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levels). Moore proved that under PFA every Aronszajn line contains a 
Countryman suborder, defined as follows: 

Definition 6.1. An Aronszajn line is a linear order of size Ki that does 
not contain a suborder of order type ui or ul and has no uncountable 
separable suborders. A Countryman line, C, is a linear order of size 
Ki such that the product C x C is the union of countably many chains 
(in the product order). 

The existence of Aronszajn lines can be established in ZFC (see ^ II]). 
The notion of a Countryman line was first introduced by Countryman 
in an unpublished article from 1970. Shelah proved that they exist in 

ZFC ng. 

Lemma 6.2. Every Countryman line is also an Aronszajn line. 

Ki-dense Countryman lines with a particular property, called non- 
stationarity, are unique up to isomorphism / reverse isomorphism under 
PFA. 

Definition 6.3. An Aronszajn line. A, is non- stationary if there is a 
continuous increasing chain of countable subsets of u>i, {Cs ■ S < Ui) 
with union Ui such that if Ui is the underlying set of A (we assume 
without loss of generality that it is) then no maximal convex subset of 
A\Cs has end-points. 

For the rest of this section let X and C be, respectively, a fixed Ki- 
dense set of reals and a fixed Ki-dense non-stationary Countryman line, 
with C* its reverse ordering. 

Lemma 6.4. |171 2.1.12]. Assume PFA, let C and D be Ki-dense 
non-stationary Countryman lines. Then either C = D oi C = D* . 

Every Countryman line has a non-stationary Ki-dense suborder, and 
can also be extended to a non-stationary Ki-dense Countryman line 
(see HU). 

Theorem 6.5 (Moore, [10]). Assuming PFA, every Aronszajn line 
contains a Countryman suborder. Consequently, by Lemma 16.41 and 
the remark immediately following it, {X, C, C*, ui, ul} forms a basis 
for the uncountable linear orders. Any uncountable linear order must 
contain an uncountable suborder isomorphic to one of these five. 



18 



A. PRIMAVESI AND K. THOMPSON 



As noted above, Countryman lines can be constructed in ZFC, so by 
the following result it is clear that this five element basis is in fact 
minimal for models of ZFC: 

Lemma 6.6. Let C be a Countryman line. Then if D embeds into 
both C and C*, D must be countable. 

Hence the basis must include both C and C*, or an uncountable sub- 
order of each of them. 

However, the five element basis of Theorem 16.51 cannot be a basis for 
the uncountable LOTS. To ensure that every uncountable linear order 
continuously embeds one of the basis elements we need to expand the 
basis to negate all possible counterexamples to continuity; we will in 
fact prove that there is an eleven element basis for the uncountable 
LOTS. The proof will be divided into three lemmas (Lemmas [231 E31 
16. lip which will establish the additional basis elements needed to ensure 
that a continuous embedding can always be found. A further lemma 
(Lemma I6.13P proves that this eleven element basis is in fact minimal. 

We will also make use of the following lemma: 

Lemma 6.7 (Moore, [H]). (PFA) Let ^4 be a non- stationary Aronszajn 
line, such that C* does not embed into A. Then A = C. 

Lemma 6.8. (PFA) Given an Aronszajn line A, one of either C x Z 
or C* X Z must embed into A. 

Proof By Lemma 16.41 and Theorem 16. 5^ A must embed either C or 
C* . In the former case, A will embed C x Z. To see this, note that 
the Ki-density of C implies that Z embeds into C, so C x Z C x C. 
By Lemma W7J\ C x C = C, as none of C*,ijJi,ujI or X can embed into 
C X C and hence it is Aronszajn. Thus C x Z embeds into A. 

If C* embeds into A then an identical argument tells us that C* x Z 
also embeds into A. □ 

Note that the infimum and supremum functions are never well-defined 
(for infinite decreasing/increasing sequences) on C x Z and C* x Z, 
so any embedding from either of these into a given linear order will 
trivially be continuous. Hence we can replace C and C* in our basis 
with the above two orders. However, an analogous result to Lemma 
16.81 for the Ki-dense set of reals, X, strongly fails to hold: if > 2 
then X X B X , for any linear order B. We use instead the following 
lemma: 
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Lemma 6.9. Let A be an uncountable linear order such that there 
exists a linear order embedding f : X A. Then we can find a LOTS 
embedding f : X x B ^ A ioi some B e {1, 2, a;*, Z}. 

Proof First note that under PFA, if X' C X is Ki-dense then X' is 
isomorphic to X. 

Let A and / be as in the hypothesis of the lemma. If there is a con- 
tinuous order-preserving map from X into A (i.e. from X x 1 into ^4) 
then we are done, so we assume that this is not the case. 

In particular then / cannot be continuous, and because every open 
interval of X is isomorphic to X, f cannot be continuous on any con- 
vex subset of X. This establishes that those points in X where / is 
discontinuous are dense within X; we will show that they are in fact 
Ki-dense in X. 

Abusing notation slightly, we will write sup(/[/(x)]) ^ A to mean the 
image of the set l{x) has no supremum in A, and will likewise write 
inf(/[r(x)]) ^ A when there is no infimum to the image of r{x) in A. 
We define D below as the set of all points in X where / fails to be 
continuous: 

D = {xe X : sup(/[/(a;)]) ^ .4 or sup(/[/(a:)]) ^ f{x)} 
U {xeX : inf(/[r(x)]) ^ A or inf(/[r(x)]) ^ f{x)}. 

Claim 6.10. D is Ki-dense in X. 

Proof Assume not. Let a,b E X he such that \D fl (a, b)\ < u. Then 
the interval (a, b) is isomorphic to X and (a, b)\D is Ki-dense in (a, b). 
Hence (a, b)\D is isomorphic to X and is continuously embedded into 
(/(a),/(&)) by / (this is because any point where continuity fails for 
/ f ((a, 6) \ D) would also have to be in D, by the density of (a, b)\D 
within (a, 6)), which contradicts our assumption. □ 

Continuation of the proof of Lemma 16.91 We can now classify 
points in D into four types: 

(i) Let D^ = {xeD: sup(/[/(x)]) G A and inf(/[r(x)]) G A}. 



(ii) Let = {xeD: sup(/[/(x)]) G A but inf(/[r(x)]) ^ A}. 
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(iii) Let D'^* = {xeD: sup(/[/(x)]) ^ A but inf (/[r(x)]) G A}. 

(iv) Let = {x G D : sup(/[/(x)]) ^ A and mf(/[r(x)]) ^ A}. 

Clearly (i) - (iv) exhaust all the possibilities for points in D, and hence: 

Using this we can infer that one of D^, D'^, D^* , D"^ must be Ki-dense 
in some interval of X, given that D itself is. To see this, assume not. 
Then let (a, 6) C X be such that \D'^ fl (a, h)\ < u. By assumption, 
is not Ki-dense in any interval of X, so there is an interval (c, d) C (a, h) 
such that fl (c, < u. Repeating this argument two further times 
gives us a {g,h) C X such that each of D"^ , D'^ , D'^* , has count- 
able intersection with {g,h), whereas their union, D, has uncountable 
intersection with [g, h) by Ki-density. This is a contradiction. 

So one of these four sets must be isomorphic to X. Thus, to finish the 
proof of Lemma 16.91 we must split our argument into four cases. 

Case 1: Assume is Ki-dense in some interval {a,b) C X, and 
assume without loss of generality that C (a, b). Then = X. 

The restriction of / to is an injective order-preserving function from 
into A, and we will use it to define an injective continuous order- 
preserving function /' from x 2 into A. Then composition of /' 
with some isomorphism j : X x 2 ^ x 2 will give a continuous 
order-preserving injective map from X x 2 into A. 

To define /', let x G D^. Then by the definition of we can find a 
pair of elements Sx = sup(/[/(x)]) and ix = inf (/[r(x)]), and we set 
f'{{x,0)) = Sx and f'{{x, 1)) = i^. We can do this for all x G D'^; we 
now need to check that /' is order-preserving and continuous. 

Let (x, y) < {v, w) & x 2. If x = v then we must have y = and 
w = 1. In this case we need only show that /'((x,0)) < f'{{x, 1)), i.e. 
Sx < ix- By the definitions of s^ and this is trivial. If however x < v 
then we need only show that /'((x, 1)) < /'((f,0)). So we need to 
check that the infimum of /[r(x)] is less than the supremum of f[l{v)] 
in A; this is the case if there is some c E X contained in both r{x) and 
l{v) (because then inf(/[r(x)]) < /(c) < sup(/[/(v)])), which is clearly 
true by Ki-density. 
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To check that continuity is satisfied by /', let (x, 0) be in x 2. We 
need to check that sup(/'[/(a;) x 2]) = /'((xjO)). But this is clear by 
the definition of /'. Similarly, /((x, 1)) is the infimum of f'[r{x) x 2]. 

So in this case, X x 2 continuously embeds into A. 

Case 2: Assume = X. As before, we use the restriction of / to 
to define a continuous order-preserving map /' from x oj into 
A. Composition with an appropriate isomorphism gives a continuous 
order-preserving injection from X x oj into A. 

To define /', let x G D'^. Then by the definition of we can find 
an increasing sequence of elements of A, {t^ : n < u}, such that 
= sup(/[/(2;)]) and for all n < a; we have that for all y e r{x), 
tn < fiy)- If cannot do this then {f[r{x)]) must have an infi- 
mum in A, which contradicts our definition of D^. Then we define 
f : xu^ Ahj setting /'((x, m)) = t^. 

Checking that /' is order-preserving, injective and continuous is much 
the same as in Case 1. 

Case 3: Assume V^* = X. As would be expected, our definition of a 
function /' : V^* x u* A such that /' is order-preserving, injective 
and continuous proceeds in much the same fashion as in Case 2, except 
that here we choose {tf^ : n < u} as a decreasing sequence in A, with 
tg = inf(/[r(x)]) and for all r?, < a; and y G f[l{x)], y < tf^in A. Identify 
u* with the negative integers and set /'((x, — m)) = t^. 

Case 4: If = X, we can construct a continuous order-preserving 
/' : D'^ X Z — )■ y4 by taking each x G and choosing a set with order 
type equal to that of the integers in the interval: 

(sup(/[/(x)]),inf(/[r(x)])), 

which is possible by the definition of D'^, and mapping {x} x Z onto 
this set in the obvious way. Checking that this gives an /' with the 
desired properties is much the same as in the previous cases. There is 
no need to check continuity in this case because no infinite sequence of 
points in X X Z has a limit. 



Our construction of /' in all four cases completes the proof of Lemma 
16:91 □ 
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To complete our basis for the uncountable LOTS we now need to ad- 
dress those linear orders that only embed the linear order basis elements 
uji or a;*. 

Lemma 6.11. Let cui x co* denote the lexicographical product HaetJi 
where = 1 if o; is a successor ordinal, and Lq, = a;* if a is a limit or- 
dinal. Then if ui embeds into some uncountable linear order A, cither 
ooi or Ui X u* will continuously embed into A. Similarly, if ul embeds 
into A then either u>l oi ojI x co (defined analogously) will continuously 
embed into A. 



Proof We prove the first of these two statements; the proof of the 
second involves only minor modifications of the first. 

As before, we assume that there is no continuous map from ooi into A, 
but that there is an order-preserving injective function / : — > A. 

Let D = {7 e Limiui) : f{^) 7^ sup(/[/(7)])}; D must be uncountable, 
otherwise a final section of uJi (equivalently, Ui itself) can be mapped 
continuously into A. a contradiction. Wc must also be able to find 
an uncountable D' C D such that D' = {-j E D : sup(/[/(7)]) ^ A}, 
because otherwise we could find an a < cji and a continuous map 
f^:{D\a)x2^A, which of course gives a continuous map from 
u!i into A by the isomorphism of ui and ui x 2, by setting /''^((7, 0)) 
= sup(/[/(7)]) and /^((7, 1)) = /(7)- This contradicts our assumption 
that uji does not continuously embed into A. 

As D' is isomorphic to Ui, we define a map f : D' x ui* A and show 
that it is a LOTS embedding, completing the proof. Let (ai : i < Ui) 
be the increasing enumeration of D', and let 7 e be such that 7 = ctj 
for some limit ordinal i. Then we can find a decreasing sequence in A, 
{Q: n < u}, with = 7(7) and such that for all m e a; and y e /[^(7)] 
we have y < in A. This is clearly possible by the definition of D'. 

So we set /'((7, — m)) = whenever 7 — 0:1 for some limit ordinal 
i, where again we are identifying oj* with the negative integers, and 
/'((7, 1)) = 7(7) otherwise. It is easy to check that this map is order 
preserving and continuity causes no problems since cui x u* has no 
limit points. □ 

We have thus proved the following theorem: 



Theorem 6.12. The set: 
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{X, X X 2, X X X X w*, X X Z, 
C X Z, C* X Z, 

UJl,UJiXUJ* , 

forms an eleven element LOTS basis for the uncountable linear orders 
under PEA. 

Proof To see this, let A be an uncountable linear order. If it embeds 
C or C* then it embeds one of C x Z or C* x Z; trivially, the embedding 
will be continuous. If it embeds X then Lemma 16.91 applies, and if it 
embeds Ui or a;* then Lemma 16.111 applies. So it must continuously 
embed one of the above 11 elements. □ 

It is possible to establish that this number cannot be improved upon: 
Lemma 6.13. The 11 element basis is the smallest possible. 

Proof Well-orders, separable linear orders and Aronszajn lines all exist 
in ZFC, so the basis must include all of them. It is routine to check 
that no basis element continuously embeds into any other and there is 
no uncountable linear order that continuously embeds into two distinct 
basis elements. □ 

So we have established that there is a minimal 11 element basis (which 
cannot be improved upon in any model of ZFC) for the uncountable 
LOTS. 

The existence of this finite basis relies on the inclusion of several linear 
orders in which no increasing or decreasing sequence has a limit. This 
is necessary: if not, there will be a bound A on the maximal cofinal- 
ity of any increasing sequence in any of the basis elements that has 
a supremum. But there are linear orders such that every point has 
cofinality k, for any k. So when X < k such a linear order could not 
continuously embed any basis element that has well-defined suprema. 
Similarly for decreasing sequences. 

Each point in a linear order is both an infimum and a supremum (of a 
decreasing/increasing sequence) if and only if the linear order is dense. 
Can there be a small basis for dense linear orders? By the argument 
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in the above paragraph we have to restrict attention to hnear orders 
where every point has small cofinality/coinitiality, again under PFA. 

Theorem 6.14. (PFA) There is a six element basis for those uncount- 
able dense LOTS in which all points have cofinality and coinitiality u. 
The basis is {X, X x Q, C x Q, C* x Q, tji x Q, ul x Q}. 

Proof We begin by proving the following: 

Claim 6.15. If L is dense and all points in L have cofinality and 
coinitiality u then Q embeds continuously into L. 

Proof We find a countable dense subset L' (1 L without endpoints such 
that for X G L', sup(/(x) n L') = x = inf(r(x) fl L'). Then L' = Q and 
the latter condition guarantees continuity. We can find such an L' by 
simply iterating a process of choosing a point and then choosing count- 
able increasing and decreasing sequences which have this point as their 
limit. Continue this until the order is dense and without endpoints, in 
which case it must be isomorphic to Q. □ 

To prove the Theorem, we argue as in Lemmas 16. 8[ 16.91 16.111 If A is 
a dense uncountable linear order it must embed one of the five basis 
elements. Again, we assume these embeddings are not continuous and 
find a set of points of discontinuity that are isomorphic to an element of 
the basis. By the density of L we can continuously embed a copy of Q 
into the interval (/[/(x)], f[r{x)]), where x is a point of discontinuity. It 
is easy to see that this works. Note that density requires us to include 
the full lexicographical product wi x Q rather than cji x Q as in the 
previous theorem, and similarly for w^. 

□ 

7. Open questions 

We collect here some open questions arising from this paper: 

Question 7.1. Shelah, in [TB], has proved it consistent that there is a 
universal linear order at Ki for the case where Ki < 2^° holds. However, 
this is not a universal LOTS. Is it consistent that there is a universal 
LOTS in this situation? 

Question 7.2. Can there ever be a universal LOTS for uncountable 

k7 
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Question 7.3. In [TT], Moore proves that there is a universal Aron- 
szajn hne assuming PFA. This is not a universal LOTS. Can it be shown 
that there is no universal Aronszajn LOTS in any model of ZFC? 

Question 7.4. Can there be a finite (or even countable) basis for 
the Ki-dense LOTS in which all points have countable cofinality and 
coinitiality? 
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